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51. I n t r o d u c t i o n .  
In  t h i s  paper  w e  develop a method for approximating t h e  
eigenvalues  o f  a class of non s e l f - a d j o i n t  o r d i n a r y  d i f f e r e n t i a i  
ope ra to r s .  
There i s  an e x t e n s i v e  litera-&re d e a l i n g  wi th  t h e  problem 
of  f i n d i n g  upper and l o w e r  bound2 f o r  l a r g e  classes of s e l f -  
a d j o i n t  ‘opera tors  on a H i l b e r t  space .  This work covers many 
ordinary and p a r t i a l  d i f f e r e n t i a l  o p e r a t o r s  of i n t e r e s t  i n  
a p p l i c a t i o n s .  For t h e  case of s e l f - a d j o i n t  o p e r a t o r s  which 
a r e  bounded below upper  bounds are provided by t h e  well-kncwn 
Rayleigh-Ritz method. The method G f  i n t e r m e d i a r e  prciblems 
introduced by Weinstein [ 3 6 , 3 7 1  provides  lower bounds. This  
method was extended by Weinstein [ 3 8 , 3 9 , 4 0 , 4 1 1 ,  Aronszajn .and 
and Weinstein [ 5 l ,  Aronszajn C 3 , 4 1 ,  Weinberger [ 3 4 , 3 5 1 ,  
Bazley C71,  Bazley and Fox [ ‘8 ,91 ,  and S tenge r  C 2 8 1 .  For an 
expos i t i on  of  t h e s e  r e s u l t s  and f u r t h e r  r e f e r e n c e s  see Gould 
C193 and Fox and Rheinbold t  117’1. Fiche ra  [15,161 has 
developed a method f o r  f i n d i n g  lower bounds which i s  an 
a l t e r n a t i v e  t o  t h e  method of  i n t e r m e d i a t e  problems. 
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Throughout 
of  t h e  form 
where 
t h e  pape r  w e  c o n s i d e r  an e igenva lue  problem 
Lf = i.mf(m) + c f ,  c r ea l ,  
t h e  m- th o r d e r  boundary c o n d i t i o n s  Ukf = 0 are s e l f - a d j o i n t  
r e l a t i v e  t o  L ,  and A is any o r d i n a r y  d i f f e r e n t i a l  o p e r a t o r  
of  o rde r  less t h a n  m. Thus w e  c o n s i d e r  non s e l f - a d j o i n t  
opera tors  which are l o w e r  o r d e r  p e r t u r b a t i o n s  of  t h e  self-adj  Lint 
opera tor  L .  Assuming t h e  e igenva lues  and e i g e n v e c t o r s  o f  L 
are known w e  c o n s i d e r  the problem of approximating t h e  
eigenvalues  o f  L. Th i s  problem is compietely formula ted  i n  
* 
Section 2 .  
The main r e s u l t s  of S e c t i o n  3 ,  Theorems 3 . 2  and 3 .3 ,  
* 
l oca t e  t h e  e igenva lues  of L i n  c i rc les  centeped a t  t h e  
eigenvalues  o f  L. These b a s i c  l o c a t i o n  r e s u l t s  are used  i n  
t h e  formula t ion  of t h e  method f o r  o b t a i n i n g  improvable 
approximations which i s  developed i n  S e c t i o n  4 .  These r e s u l t s  
involve a method f o r  e s t i m a t i n g  t h e  p e r t u r b a t i o n  of e igenva lues  
which depends on cer ta in  estimates f o r  t h e  r e s o l v e n t  o p e r a t o r  
of  L. V a r i a t i o n s  of  t h i s  method have been used by many 
authors  t o  estimate e igenva lues .  The r e s u l t  of Theorem 3.2 
i s  proved by Schwartz E 2 7 1  f o r  t h e  case’ where A .is a bounded 
operatol?, Agmon el1 used  such estimates,  e s p e c i a l l y  estimates 
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similar t o  t h a t  g iven  i n  Lemma 3 .5  which depend on t h e  h i g h e r  
dimensional v e r s i o n  of the i n e q u a l i t y  i n  Lemma 3 . 3 ,  t o  d e r i v e  
r e s u l t s  on t h e  a n g u l a r  d i s t r i b u t i o n  of e igenvalues  of non self-  
a d j o i n t  e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  o p e r a t o r s .  Clark C121 
shows t h a t  t h e  e i g e n v a l u e s  pk of are r e l a t e d  t o  t h e  
eigenvalues  A k  of L by IXk - pk] = O (  lhkl jln 1 where j 
i s  the  o r d e r  of A. 
The main r e s u l t s  of t h i s  paper  are i n  Sec t ion  4 i n  which 
Y 
t he  Galerkin method i s  a p p l i e d  t o  L u s ing  t h e  e i g e n v e c t o r s  
of L as a basis. We d e s c r i b e  t h e  method i n  t h e  s p e c i a l  case 
where t h e  e igenva lues  
of L are a l l  p o s i t i v e  and d i s s i n c t .  For ' n  = 1 , 2 , * * *  w e  
use the  e igenva lues  of Ln = P ?,I , where Sn is t h e  span 
of the f i r s t .  n e i g e n v e c t o r s  of L and P i s  t h e  
p r o j e c t i o n  on-co 
of E.  Assuming t h e  circles discussed i n  t h e  prev ious  
.. 
Sn 
n 
as approximations €or t h e  e igenva lues  sn 
paragraph are mutua l ly  d i s j o i n t . ,  t h e r e  w i l l  be one e igenva lue  
of i n  each  c i rc le :  l e t  1-1 be  t h e  one i n  t h e  p- . 
P 
c i r c l e .  A l s o ,  one of t h e  e igenva lues  of L w i l l  be i n  t h e  
p- circle if p 2 n ;  deno te  it by q Q n ) .  Theorem 4 . 4  
and t h e  lemmas which f o l l o w  it e s t a b l i s h  an estimate of t h e  
form 
t h  
- 
n 
t h  
P 
~ v p - - n p ~ n > ~  < E ( n > ,  n > p. P -
E ( n )  can be e x p l i c i t l y  c a l c u l a t e d  i n  many cases. 
P . 
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Sections 5 and 6 c o n t a i n  t h e  proof  of two r e s u l t s  from 
Sec t ion  4. 
I n  S e c t i o n  7 w e  p r e s e n t  s e v e r a l  examples which i l l u s t r a t e  
the r e s u 1 t s ” o f  t h e  paper .  For t h r e e  of t h e  examples w e  have 
computed t h e  Galerk in  e igenva lues  and corresponding e r r o r  
estimates for  n = l ,***  ,20.  SeSecred r e s u l t s  from t h e s e  
computat ions are presenred .  A b a s k  i d e a  i n  t h e  paper  i s  
that  explie2-a: estimates for t h e  e igenvalues  can be o b t a i n e d  
i f  e x p l i c i t  v a l u e s  can be found fcr t h e  c o n s t a n t s  i n  c e r t a i n  
i n e q u a l i t i e s ,  such as ( 3 . 1 1 ,  ( 4 . 3 1 ,  and ( 4 . 4 1 ,  which ho ld  
for a l l  f u n c t i o n s  i n  some f u n e t l c n  space. For t h e  examples 
t r e a t e d  i n  S e c t i o n  7 va lues  are given for t h e  a p p r o p r i a t e  
c o n s t a n t s ,  
ThZs paper is a c o n t i n u a t i o n  o f  previccts work by t h e  
au tho r  c23,241. I n  C 2 3 1  a merhod w i i s  developed f o r  The case 
of a bounded ‘peFturba t ion  of an unbounded s e l f - a d j o i n r  o p e r a t o r  
and i n  C t Z r C }  s h e  meehod was extended t o  cove r ,  i n  i r s  
a p p l i c a t i o n  to ord ina ry  d i f f e r e n r i a l  c p e r a t o r s ,  p e r t u r b a t i o n s  
of lower order which were sub jece  t o  r a t h e r  r e s t r i c t i v e  
c o n d i t i o n s .  The purpose of  t h i s  paper is te extend and - 
improve t h i s  methcd so  as t o  z p p l y  tc a l a r g e  class of o r d i n z r y  
d i f f e r e n t i a l  o p e r a t o r s  which are lower o r d e r  p e r t u r b a t i o n s  of 
the s e l f - a d j o i n t  o p e r a t o r  L. Example 7 . 1  was a l s o  t r e a t e d  
in E 2 4 1  and t h e  numerical  estimates ob ta ined  by t h e  methods 
of t h i s  p a p e r  are s u b s t a n t i a l l y  b e t t e r  t h a n  t h o s e  r e p o r t e d  
there. 
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I n  c 2 3 1  t h e r e  is\ a d i s c u s s i o n  of o t h e r  methods f o r  
approximating t h e  e igenva lues  of v a r i o u s  t y p e s  of  non self-  
'd ad jo in t  o p e r a t o r s .  I n  a d d i t i o n  t o  t h e s e  methods Vainikko 
[31,321 has  o b t a i n e d  t h e  fo l l cwing  r e s u l t .  Consider t h e  
eigenvalue problem 
Here Ukf = 0, k = I,*** ,m are a r b i t r a r y  boundary c o n d i t i o n s  
and we assume each of t h e  c o e f f i c i e n t s  is i n  some Sobolev 
O , * * * , m - l .  (See S e c t i o n  2 fo r  space: b E H, , 
a d e f i n i t i o n  of these spaces.) L e t  be  a sequence 
of polynomials of o r d e r s  m , m + l , * * *  which s a t i s f y  t h e  
boundary c o n d i t i o n s  and f o r  n = 1,2,*** d e f i n e  rhe n- 
H r k )  = 0 
dimensional e i g e n v a l u e  prtoblem 
(1.2) 
where Lf = f ( m '  and Mf = bf. L e t  an e i g e n v a l m  p o  o f  
(1.1) be a p o l e  of order: h of  the  Pesolvent  of w i t h  
respec t  t o  M : ( Z - A M ) - ~ .  For n = 1 , 2 , * - *  l e t  pn be an 
eigenvalue of ( 1 . 2  1 Then if E r n  pn = p o  w e  have t h e  
asymptotic estimate 
n+w 
-(r+r')/h, IU"- P P I  = O(n ¶ 
where r = min pk and P' = min Crk+m-kl. S e e  t 3 3 1  
05 klm - 1 0:ks.m-1 
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for s i m i l a r  a sympto t i c  e r r o r  estimates f o r  a more g e n e r z l  
class of o p e r a t o r s .  
T h e  a u t h o r  wishes  t o  thank  two of h i s  c o l l e a g u e s ,  David 
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and John B. Rountree for t h e i r  s i g n i f i c a n t  h e l p  wi th  t h e  
computations in Example 4 . 1 ,  and P r o f e s s o r  Jacob T. Schwar-rz 
for making p a r t  of c131  a v a i l a b l e  t o  him. 
T h i s  r e s e a r c h  w a s  p a r t i a l l y  suppor ted  by NASA Grant 
NsG-398, NSF Grant  GP 6 2 9 1 ,  and Grane DA-HC04-(AROD) 6 7 - C -  
0062 w i t h  the Army Research Office, Durham. The computer 
t i m e  for. t h i s  pmjec t  w a s  suppor ted  by NASA Grant NsG-398  t o  
t h e  Compueer Sc ience  Center  cf t h e  U n i v e r s i t y  of  Maryland. 
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§ 2 ,  Formulation of t he  Eigenvalue Problem. 
For m a nonnegat ive i n t e g e r  l e t  H = HmCa,bl denote  . m  
t he  m- th Sobolev space on t h e  in-cerval [a,b7 , i . e .  , the  
set of a l l  c'omplex valued f u n c t i o n s  f such t h a t  f has  
m-1 cont inuous d e r i v a t i v e s ,  f 'm-" is a b s o l u t e l y  con t inuous ,  
and f (m'  i s  squa re  i n t e g r a b l e  on Ca,bJ. POP k = 0 , 1 , - . - , m  
l e t  I 1, be t h e  semincjrm on Hm de f ined  by 
I 
L e t -  11 ]Im be t h e  ncrm on Hm def ined  by 
and ( *  , I m  be t h e  i n n e r  product  de f ined  by 
/ 
H w i t h  t h i s  i n n e r  product  is a H i l b e r t  space  and H ,  = L,. m 
t h  Let L be the  m- clrder d i f f e r e n t i a l  c p e r a t o r  de f ined  
by 
where c i s  a r ea l  c o n s t a n t  and ler: 
be any d i f f e r e n t i a l  o p e r a t o r  of o r d e r  j < m w i t h  c m t i n u o u s  
c o e f f i c i e n t s .  L e t  M = (MktI and N = (NkLI be complex 
m x m  matrices sGch that rank(M,N) = m and d e f i n e  the  
8 
boundary forms U 1  , ’Urn by 
We wish t o  ct>nsider t h e  e igenva lue  problem determined by 
L = L * A and t h e  boundary forms i.e., t h e  
problem o f  de t e rmin ing  t h o s e  complex va lues  o f  X for. which 
t h e r e  e x i s t s  a nonzero  f u n c t i o n  f E H which sat isf ies  
., 
U l  , * ’Urn , 
m 
I f  we d e f i n e  Vm by 
t h e  problem can be r e s r a t e d  as t h a t  of f i n d i n g  va lues  of A 
for which t h e r e  e x i s t  f E V r n y  f F’ 0 such t h a t  f,f = A f .  
For. the remainder  cf t h e  paper  W E  w i l l  cons ide r  L and E 
t o  be r e s t r i m e d  to Vm. The operator L i s  fo rma l ly  self- 
a d j o i n t .  We now zssume t h e  boundary c o n d i t i o n s  are self- 
a d j o i n t  r e l a t i v e  t o  L ,  i . e . ,  
Then L w i l l  be a s e l f - a d j o i n t  o p e r a t c r  i n  t h e  space L z  
w i t h  domain Vm: 
9 
f o r  a l l  f , g  E Vm. The spectrum of L w f l l  c o n s i s t  of a 
countable se t  of real e igenva lues ,  each wi th  geometr ic  
m u l t i p l i c i t y  less t h a n  o r  equa l  t o  m ,  which has  no f i n i t e  
l i m i t  p o i n t .  Numbering them i n  i n c r e a s i n g  o r d e r  by magnitude 
and t a k i n g  account  of geometr ic  m u l t i p l i c i r i e s  w e  have 
J 
The e igenvec to r s  
in L,; t h e y  are complete i n  L,. The spectrum of L 
c o n s i s t s  of e i g e n v a l u e s ,  each w i t h  geometr ic  m u l t i p l i c i t y  
x1 ,xp , can be chosen t o  be or thonormal  - 
less  than  o r  e q u a l  t o  m,  wi th  no f i n i t e  l i m i t  p o i n t .  
Assuming t h e  e igenvalues  and e i g e n v e c t o r s  of L are 
known w e  cons ide r  t h e  problem of  approximating t h e  e igenva lues  
., 
of L. 
Throughoue t h e  paper  w e  denote  t h e  specerum, t h e  
Fesolvent  s e t ,  and t h e  r e s o l v e n t  of an o p e r a t o r  B by a(B1, 
p ( B ) ,  and RA(Bj r e s p e c t i v e l y .  
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93. B a s i c  Loca t icn  Theorems. 
In t h i s  s e c t i o n  w e  p r e s e n t  a r e s u l t  which g ives  bounds 
OR t h e  p e r t u r b a t i o n s  of t h e  e igenvalues  of  L when L i s  
p e r t u r b e d  by t h e  o p e r a t o r  A .  T h i s  r e s u l t  depends on c e r t a i n  
estimates for t h e  r e s o l v e n t  o p e r a t o r  R A ( L )  = (A-L)- ' .  
L e m a  3 .1 .  If h E p ( L )  and f E L , ,  t hen  
Ppoof. S ince  
I 
we see t h a t  
This gives t h e  r e s u l t .  
Lemma 3 . 2 .  If A E p ( L )  and f E L , ,  t hen  
f = ( h - L ) ( A - L ) - - ' f  
= X ( h - L ) - P f  - L(A-L)--'f 
11 
. 
Hence 
We w i l l  need t h e - f o l l o w i n g  i n e q u a l i t y .  Its proof can be 
found i n  Agmon L21 .  
Lemma 3.3. There are c o n s t a n t s  y and 6 depending 
only on a, b, and m such t h a t  
i 
(3.1) 
f o r  a l l  f E Hm and k = O Y l , - * *  ,m* 
Lemma 3 . 4 .  If A E p ( L )  and k = 0,1,*** ,m, t h e n  
f6p all f E L, where y and 6 are the c o n s t a n t s  i n t roduced  
in Lemma 3 . 3 ,  
Proof. Using Lemmas 3 . 1 ,  3 . 2 ,  and 3 . 3  we o b t a i n  
k a - -  k - 
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Lema 3 .5 -  If X E p ( L )  and k = 0 ¶ * * -  ¶ m  t h e n  
f o r  a l l  f E L2. 
P r o o f .  T h i s  is an  immediate consequence of Lemma 3 . 4 .  
Remark. The va lues  of y and S in L e m m a  3 . 3  are such  
t h a t  (3-1) holids f o r  a l l  f E H . I n  Lemmas  3 . 4  and 3 . 5  w e  
only used  this inequality f o r  f u n c t i o n s  of  the form ( A - L ) - ' f  
m 
for f E L, , i.e., f o r  f u n c t i o n s  i n  Vm. Hence when 
c o n s i d e r i n g  a par t1cuia . r  s e t  of bcundary c o n d i t i o n s  it may 
be p o s s i b l e  t o  choose smaller  va lues  f o r  y and 6. See 
S e c t i o n  7 f o r  f i l r ther .  remarks or, t h e  choice  of y and 6 .  
Lemma 3.6, If f E H j  where j is t h e  order of A, 
and h E p ( L )  t h e n  
Pro 'of .  T h i s  fo l lows  d i r e c t l y  from Lemma 3 . 5  and t h e  
i n e q u a l i t y  
for a l l  f E €3.. 
3 
. 
13 
and 
... 
Theorem 3 . 1 .  If h i s  an e igenva lue  of L t h e n  e i t h e r  
Proof.  Suppose, f o r  t h e  sake o f  c o n e r a d i c t i o n ,  r h a t  
S h j i h )  1 and A G p ( L 1 .  Prom Lemma 3 . 6  w e  have 
This , t oge the r  w i t h  f3hj ( A >  1, i m p l i e s  
j‘ 
for a l l  f E H 
t h a t  (X-LI - IA:  Hj-=-H has  norm less thar, 1. ‘Hence 
j 
I - (X-L)-’A is invertible. Thus -the r e s t r i c t i o n  of  t h i s  
ope ra to r  t o  V m  w i l l  be one-ro-one. S ince  
H3 
- Z A I V  - L - A i V  
’ m  m m 
c 
t h i s  imp l i e s  r h a t  X - L i s  one-to-one and hence t h a t  h is 
not an e igenva lue  of L which c o n t r a d i c t s  the h y p o t h e s i s .  
This completes t h e  proof .  
... 
1 4  
I n e q u a l i t y  (3 .21 is t h e  b a s i c  r e s u l t  of t h i s  s e c t i o n .  
We w i l l  now show more e x p l i c i t l y  what it i m p l i e s  about  t h e  
l o c a t i o n  of t h e  e igenva lues  of L .  L e t  p be such  t h a t  
-. 
d i s t ( h , a ( L ) ) , =  ? x - x p ]  . Let b e  t h e  n e x t  e lement  i n  t h e  
sequence 1 t o  t h e  r i g h t  o f  A if such an e lement  
exists and P e t  be t h e  n e x t  e lement  to t h e  l e f t  i f  such 
an element e x i s t s .  With p chosen i n  t h i s  way ( 3 . 2 )  
P P 
imp 1 ies 
t h i s  becomes 
( 3 . 5 )  
I n  case ( 3 . ~ ~ 1  i s n o t  s a t i s f i e d  w e  d e r i v e  a d i f f e r e n p  b o m d  
for sup I (Xq-c)(bq-~~--' 1 It i s  c l ea r ly  s u f f i c i e n t  t o  
cons ider  t h o s e  va lues  of q which be lcng  t o  
Let: B = ( q  I a q  < x p )  and C = {q I X q  > X p ) .  Suppose 
q E ~n B. Then 
A s tudy of t h e  f u n c t i o n  Ix-cl ix - (Xp+Xp)/2]-p for? 
1.5 
f o r  q E An C .  Combining t h e s e  es-timates w e  o b t a i n  
(3.6) 
f 3 
max. (1 ,2 (~  - C ) ( X ~ - A  1'' 
s u p ]  xq-c 1 I hq-X I - ?  P P 
i f  A -  does not e x i s t ,  
P 
- - g ( p L  
I n  t h e  f r e q u e n t l y  occurring s p e c i a l  case where 
0 < A ,  < A 2  < ... and c 2 0 This  bsund reduces  t o  
If c = 0 w e  have g(p)  = 2Ap+l ( A  p+l - A  )-I. Combining ( 3 . 3 )  
and ( 3 . 6 )  w e  g e t  
16 
where T i s  t h e  unique  p c s i t i v e  s o l u t i o n  of 
P 
Let 
These results a r e  summarized in 
Thecrem 3 . 2 .  If A i s  an e igenva lue  of  t h e n  for 
some p w e  have 
Thus w e  have shown t h a t  t h e  eigenvalues of are 
I t  will be  u s e f u i  EO h a - ~ e  an e x p l i c i t  upper bGund fsr 
'I: Fi r s -c  suppcse 
P '  
Then 
which i m p l i e s  T Q g ( p ) ) - ' .  Hence 
P -  
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Next suppcse 
I n  
wh 
Combining these two estimates w e  g e t  
- 
Next w e  w i s h  t o  count  t h e  nunber  of e igenva lues  of L 
i n  each c i rc le  Ce; 
3 .3 .  To  -this end w e  w i l l  need t o  cons ide r  t h e  f a m i l y  of- 
t h i s  r e s u l t  will be c a n t s h e d  i n  Theorem 
operators  
- 
Clearly L, = L and L, = L. If h is an eigenvalue cf 
Lt' the  n u l l  spaces  X - LE, (X-L,>2,*** forn an i n c r e a s i n g  
sequence of l i nea r :  mani fo lds .  Theorem 3 . 1 ,  a p p l i e d  t o  L,, 
shows t h a t  n o t  a l l  complex numbers are e igenva lues  of 
Thus for scme va lue  of p, ( p - L L ) - '  i s  compact. Hence 
there i s  an i n t e g e r  a, c a l l e d  t h e  ascen-c. of h - L,,  such 
L E .  
t h a t  (A-L 1' and ( A - L t >  have t h e  same n u l l  space .  
The dimension of t h e  n u l l  space  of 
i s  c a l l e d  r h e  a l g e b r a i c  m u l t i p l i c i t y  of A .  A s  is w e l l -  
known , t h e  a l g e b r a i c  m u l t i p l i c i t y  of an e igenva lue  i s  a t  
t 
( 1 - L  l a  is f i n i t e  and -t 
, 
l e a s t  as g r e a t  as i t s  geometr ic  m u l t i p l i c i t y  and t h e  t w o  are 
equal  i f  L, is s e l f - a d j c i n t .  If r i s  a s imple c l o s e d  
r e c t i f i a b l e  curve  l y i n g  i n  p ( L t l  and c o n t a i n i n g  s e v e r a l  
e igenvalues  of L, i n  i t s  i n t e r i o r ,  t h e  p r c j e c t i o n  o p e r a t o r  
a s s o c i a t e d  w i t h  L, and t h e  p a r t  of t h e  spectrum of 
wi th in  is d e f i n e d  by 
L t  
t h i s  is a con tour  i n c e g r a l  of t h e  o p e r a t o r  valued a n a l y t i c  
func t ion  R A Q L , I  def ined  f o r  A E p ( L t > .  The dimension of 
t h e  range of P ( t >  i s - e q b a l  t o  t h e  number of e igenva lues  
of L C  wi-rhin I' counted acco rd ing  t o  a l g e b r a i c  
m u l t i p l i c i t i e s  We w i l l  u s e  t h i s  c h a r a c t e r i z a t i o n  of 
a l g e b r a i c  m u l r i p l i c i t y  i n  t h e  prvcr cf Thecrem 3 . 3 .  A 
d i s c u s s i c n  of t h e s e  i d e a s  can be found i n  Taylor  c 3 0 1 .  
Lemma 3 . 7 .  L e t  S and T be two l i n e a r  o p e r a r o r s  
def ined  on a l i n e a r  manifold of a H i l b e r t  space .  If 
A E p ( S >  n p(T>, t h e n  
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Proof. For h E p < S ) n  p(T) w e  have 
and 
and hence 
and 
Substitution of  (3.11) i n t o  (3.10) gives (a), (3.12) is (b), 
and s u b s t i t u r i o n  of (a) i n  (3.10) g ives  ( e ) .  
Lemma 3.&. Let B be a Banach space. Suppose S i s  
a bounded o p e r a t o r  d e f i n e d  on B and suppose T is a 
closed o p e r a t o r  wiph domain i n  B .  I f  t h e  dcmain of T 
contains t h e  range  of S ,  then TS is bounded. 
Proof. TS is de  ined  on a l l  of €3. Suppose xn-x 
and TSx,-y,  
norm in t h e  Banach space. Since S is cont inuous w e  have 
-Sx, Since  T is closed w e  have T(Sx) = y. T h i s  
shows t h a t  TS is closed. T h i s ,  t o g e t h e r  w i t h  t h e  fact  
t h a t  TS is def ined  on a l l  of B ,  shows t h a t  TS is 
where cenvergence is with  r e s p e c t  t o  t h e  
sx* 
bounded 
2 0  
Lemma 3.9.  L e t  P and Q be cont inuous n o t  n e c e s s a r i l y  
or thogonal  p p o j e c t i c n s  on a H i l b e r t  space such t h a t  IIP-QI] < 
% [/P[I-' . T h e n i t h e  dimension of t h e  range  of P i s  n o t  g r e a t e r  
than t h e  dimension-of t h e  range of Q. 
Proof Suppose t h e  range. o f  P has  la rger - .  dimension 
than the r a n g e - o f -  Q. .. Since .  t h e  dimension of t h e  range of 
- PQ is less' t h n -  or- equal. t o  t h e  dimension. of t he  range  of 
Q 
range of  - P .  The range  of -P i s  closed s i n c e  P is a 
continuous p r o j e c t i o n  and t h e  range  of PQ i s  c losed  s i n c e  
t h e  range of  Q and hence t h a t  of PQ is f i n i t e  dimensional .  
Thus t h e r e  is a u n i t  vector f i n  t h e  range of P which is 
orthogonal  t o  the range o f '  PQ. I n  p a r t i c u l a r  f is or thogona l  
t o  PQf  and hence 
we see t h a r  The r ange  o f .  PQ i s  p r c p e r l y  conta ined  i n  t h e  
Now f = Pf and hence E = P'f. Thus 
which contradicts ths hypothesis, This campletes the proof .  
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Theorem 3.3 .  Suppose q o f  t h e  c i r c l e s  CQ form a 
connected set C which does n o t  i n t e r s e c t  any of t h e  o t h e r  
circles : 
c = u q  c . 
k = l  ‘k 
Then, coun t ing  accord ing  t o  a l g e b r a i c  m u l t i p l i c i t i e s ,  t h e r e  
are q e i g e n v a l u e s  of Z i n  C.  
Proof. Consider  t h e  o p e r a t o r  
L, = L + t A  
.” 
f o r  0 - C t - < 1. Theorem 3 . 2 ,  a p p l i e d  t o  L, i n s t e a d  of  L ,  
shows t h a t  t h e  e igenvalues  of  L, are conta ined  i n  t h e  
circles 
Here w e  have  used t h e  f ac t  t h a t  i f  T i s  t h e  p o s i t i v e  
s o l u t i o n  of 
P , t  
then  T < t-rp i f  t - < 1. 
P,t - 
L e t  C” be  obta ined  from C by i n c r e a s i n g  t h e  
tk ‘k 
r a d i i  of the  c i rc les  by a number0 r which i s  so  s m a l l  t h a t  
Q 
k - 1  % c* = u c:+ does n o t  i n t e r s e c t  Cj , j S e, , * * *  ,e4. New 
t h e  number ~ _ f  e igenvalues  o f  L, i n  C ” ,  counted acco rd ing  
t o  a l g e b r a i c  m u l t i p l i c i t i e s ,  i s  e q u a l  t o  t h e  dimension of 
t h e  Pange of t h e  p r o j e c t i o n  
22  
Using formula (a> of Lema 3 . 7  w e  o b t a i n  
Since A:  H.-L, is c l o s e d  and t h e  range of R X ( L , )  i s  
J 
contained i n  
i s  bounded. Thus f o r  t - t' s u f f i c i e n t l y  small 
w e  s e e ,  u s i n g  Lemma 3 . 8 ,  t h a t  A ( h - L t ) - '  
H j  
where 1 1  11 denotes  the  o p e r a t o r  norm a s s o c i a t e d  w i t h  t h e  
L, norm. This i n e q u a l i t y  shows t h a t  P ( t >  i s  cont inuous 
i n  t w i t h  r e s p e c t  t o  the o p e r a t o r  norm. 
The cGnt inu i ry  of P ( t 1  t o g e t h e r  w i th  Lemma 3 .9  shows 
t h a t  t h e  dimensicn of  the  range of P(t) is cont inuous i n  
t. Since t h e  dimension i s  an i n t e g e r  w e  see t h a t  t h e  
dimension of t h e  range  of P ( t >  i s  c o n s t a n t .  Hence t h e  
number o f  e igenva lues  of L = L ,  i n  Ci' i s  e q u a l  t o  ehe 
number of e igenva lues  of L = Lo i n  C". S ince  L is 
s e l f - a d j o i n t  it has q e igenva lues  i n  C * .  Thus, s i n c e  
.u 
r is a r .b i t r a ry ,  w e  have shown t h a t  t h e r e  are q e igenva lues  
of L i n  c*. 
- 
2 3  
. 
Corollary 1. If urn Ck i s  n o t  connected,  t h e n  L 
k=I. 
has a t  l ea s t  one e igenvalue .  
Proof. In  t h i s  s i t u a t i o n  there  will be an i n t e g e r  p . 
such tha t  
any of r h e  o t h e r  c i rc les .  Theorem 3 . 3  a p p l i e d  t o  t h i s  se t  
C, U * * .  uCp i s  a connected set  no t  i n t e r s e c t i n g  
gives the  result. 
Corollary 2 .  I f  and t h e  boundary o p e r a t o r s  Uk, 
does n o t  i n t e r s e c t  
cQ, 
have rea l  e o e f i i c i e n t s  and t h e  c i rc le  
the  o t h e r  c i rc les ,  t h e n  the e igenvalue  of i n  
real. 
i s  
c% 
Proof ,  By Theorem 3 . 3  t h e r e  is e x a c t l y  one e igenva lue  
o f  f, i n  Ce e If t h i s  e igenva lue  is n o t  rea l  t h e n  i t s  
complex c o n j u g a t e  will also be an e igenvalue  of L ,  w i l l  be 
* li 
i n  C, , iuad w i l l  be d i f f e r e n t  from it. This c o n t r a d i c t s  
0 
the fact thar there is only one e igenvalue  i n  C . 
Lo 
. 
2 4  
9 4 .  Improvable Approximations t o  t h e  I n i t i a l  Eigenvalues  
of E. 
L e t  Sn = s p a n ( x l , - * * , x n )  where xl,*.- ,xn’ are t h e  
1 
f i r s t  n e i g e n v e c t o r s  of L .  For any o p e r a t o r  B whose 
domain c o n t a i n s  S d e f i n e  Bn = (P B )  where Pn i s  
t h e  p r o j e c t i o n  on to  Sn. We now g i v e  s e v e r a l  r e s u l t s  
which p a r a l l e l  t h e  r e s u l t s  of S e c t i o n  3 .  
n n Is, 
Lemma 4 . 1 .  If X E p ( L  1 and f E Sn, t h e n  n 
l R A ( L n ) f l ,  - < l f l D ( d i s t ( X , a ( L  n )))-’. * 
h c o f .  The proof here  i s  s i m i l a r  t o  t h a t  of L e m m a  3.1.  
Lemma 4 . 2 .  If X E p(Ln) and f E Sn, t h e n  --
Proof. Fo r  X E p ( L n )  and f E S w e  have n 
f = (A-L ) (X-L  1-f n n 
and hence 
2 5  
Lemma 9.3, If h E p(L,) and k = 0,1,.** ,my then 
for all f E S,. 
Proof ,  This fol lows inmediately from Lemmas 3.3, 4.1, and 
4-2. 
Proof.  This fo l lows  directly from Lemma 4.3. 
Lemma 4.5. If X E p(L,) and f E S n y  then 
where j is the order of A. 
Proof. The proof is essentially the same as that of Lemma 
3.6. 
Let 
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- Theorem 4 . 1 .  If A is an e igenvalue  of Ln t h e n  
e i t h e r  
J 
Proof .  Suppose X E p(L,) and Bh ( A )  < 1. T h i s ,  
t o g e t h e r  wi th  Lemma 4 . 5 ,  i m p l i e s  t h a t  (A-L ) - 'An,  cons idered  
as an o p e r a t o r  on Sn with  t h e  j norm, has  norm less t h a n  
one. A s  i n  t h e  prcof  of Theorem 3 . 1 t h i s  imp l i e s  t h a t  h i s  
not  an e igenva lue  of L which i s  a c o n t r a d i c t i o n .  
s ,* 
n 
* 
n 
Using t h e  same reasoning  which l e d  t o  Theorem 3 . 2  w e  
ob ta in  
, 
,.# 
Theorem 4 . 2 .  I f  X i s  an  e igenvalue  of Ln t h e n  
. f o r  some p s a t i s f y i n g  1 p 5 n w e  have 
n Theorern 4 . 3 .  Suppose q of t h e  c i rc les  C , , * * *  YC 
form a connec-eed set  C n o t  i n t e r s e c t i n g  t h e  res t  of t h e  
c i rc les .  Then, count ing  accord ing  t o  a l g e b r a i c  
' m u l t i p l i c i t i e s ,  t h e r e  are q e igenva lues  of Ln i n  C.  
- 
Proof .  The concept of a l g e b r a i c  m u l t i p l i c i t y  is 
def ined  i n  t h i s  f i n i t e  dimensional  c o n t e x t  j u s t  as i n  Sec t ion  
3 .  The c o n t i n u i t y  argument used i n  t h e  proof  of Theorem 3 . 3  
now a p p l i e s  h e r e  and gives  t h e  d e s i r e d  r e s u l t .  
I 
. 
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For t h e  remainder  of t h e  paper  w e  assume t h e  c i rc les  
CQ are mutua l ly  d i s j o i n t .  Theorems 3 . 2  and 3 .3  t h e n  
a s s e r t  t h a t  has a c o u n t a b l e  s e t  of e igenva lues  which 
a r e  conta ihed  in t h e  circles Cl, one e igenvalue  t o  each 
circle;  denote  the one in CL by yx. Also, for n 
-. 
f ixed ,  Theorem 4 . 3  asserts t h a t  t h e  e igenvalues  of 
are con ta ined  i n  t h e  circles 
Ln 
C, , ¶CnY one e igenva lue  
t o  each circle;  deno te  t h e  one i n  C x  by nx(n) .  The 
eigenvalues  I (n) , ,qn (n> will be c a l l e d  t h e  nth 
s tage  Galerk in  e i g e n v a l u e s  of L. 
., 
We now d e r i v e  estimates on t h e  emor which arises when 
t h e  p th of the n th s t a g e  Galerk in  e igenva lues  q P ( n l 9  
of 2 ,  2s used as an  approximation for 
eigenvalue of L ,  p = 1, ,n. L e t  y be a u n i t  
e igenvec tor  of co r re spond ing  t o  
or thogonal ly  decomposed as f o l l o w s  : 
yp(n9 E Sn, wp<n)  E sn. L e t  z,(n) be a u n i t  e i g e n v e c t o r  
of ;in corresponding  t o  qk(n) .  The v e c t o r s  z , ( n ) , * * *  ,z,(n> 
span Sn. 
t h  t h e  p YP - 
P 
and l e t  y be 
= y p ( n )  + w ( n ) ,  
P 
yP P 
I 
Lemma 4,6.  L e t  ci ( n ) , - * * , a  ( n )  be t h e  c o e f f i c i e n t s  
P S I  P rn 
i n  the expansion of y (n> in the b a s i s  z,(n) , * *  , z n ( n ) .  
Then 
P 
and 
2 8  
Proof. The first r e s u l t  fo l lows  from 
and 
The second is a consequence of  
= l~ y (n9 - ppP,yp + Pn(L*A)w (n9 
P P  P 
be a b a s i s  f o r  an n- ' 5, Lemma 4.7'. L e t  E l , * * *  
n 
dimensional i n n e r  product  space .  L e t  < = T ~ E ~ .  
Then 
whem M(S,,***,E,> and ,<,I ape r e s p e c r i v e l y  t h e  
g r e a t e s t  and least  e igenvalues  of the  Gram mat r ix  ( ( E , , 5 Q > > .  
- - 
Hermi t ian  f o r m  i n  ( T ~ , - * *  ,T~). The r e s u l t  fo l lows  from t h e  
fact t h a t  the  va lue  o f  a Hermit ian form l i e s  between t h e  
l e a s t  e i g e n v a l u e  o f  i t s  ma t r ix  t i m e s  t h e  square  of  t h e  
Eucl idean  l e n g t h  of  t h e  v e c t o r  and t h e  g r e a t e s t  e igenvalue  
29 
of its m a t r i x  times the square of  t h e  Eucl idean  l e n g t h  of 
t h e  vec to r .  
Lemma 4 . 8  
and 
Proof .  This  fo l lows  d i r e c t l y  f r c m  L e m m a s  4 .6  and 4 . 7 .  
Theorem 4 . 4 .  For some .e, say  t o ,  where 1 - < Lo < n ,  
w e  have 
Proof .  We w r f t e  Mn and mn f o r  M(z 1 ( n l  , ,z,(n) i 
and m(z, ( n >  - *  , zn(n1  1 f'or the remainder  of the paper .  
Suppose 
= I,... ,n. Then u s i n g  the  f i r s t  i n e q u a l i t y  i n  Lemma 4 . 8  w e  
have 
30 
which contradicts the second inequality i n  Lemma 4.8. Hence 
we get the desired result. 
Theorem 4 .4  provides the basic estimate for 
1~ -n (n>l. 
discuss the convergence to zero of the right hand side of 
In the remainder? of this section we will first 
p .  1, 
(4.1) and then derive computable bounds for Iwp(n)], and 
Since w (n) = 1 (yp,~e)o~R we see that (P Aw ( 1 1 9 1 ~ .  
co 
P .t=n+f n P  
lim [w (n) 1 = 0 f o r  p fixed. We prove that 
n-+w P 
lim lPnAw (n)io = 0 P n-+w 
with the help of the following lemma, 
whose proof can'be found i n  Agmon C21. 
Lemma 4.9. There is a constant K which depends on 
a,b,m,L, and A such That 
f o r  all f E H . m 
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This, t o g e t h e r  with 
1 
shows tha t  l i m  fPnAw Cn)l, 0 f o r  p f i x e d .  Thus t h e  
r igh t  s i d e  of (4.1) converges t o  ze ro  as n-a f o r  p 
f i x e d  provided Mn/mn i s  bounded i n  n.  In S e c t i o n  6 w e  
give s u f f i c i e n t  c o n d i t i o n s  for Mn/mn t o  be bounded. 
P n-t- 
i s  p r e s e n r  i n  i n e q u a l i t y  
(Q.1)  because we are e s t i m a t i n g  the  change i n  t h e  e igenva lues  
when the  Cpossibly) non s e l f - a d j o i n t  o p e r a t o r  Ln i s  
pe r tu rbed  t o  o b t a i n  L. ( M n / m n )  e q u a l s  1 if and only if 
is normal. This factor a l s o  arises in a fundamental  result 
Y2 
Remark .  The factor (Mn/m,) 
..d 
- y2 
n 
on t h e  p e r t u r b a t i c n  of  e igenva lues  of  d i a g o n a l i z a b l e  matrices;  
see Bauer and  F ike  c 6 l .  
Computable bounds on I w  ( n > l ,  and 1Aw Q n ) l ,  w i l l  
P P .  
now be  developed.  
Lemma 4.16. If n > p ,  t h e n  
Proof, S i n c e  
w e  have 
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Now 
and hence 
Lemma 4.11. 
Proof .  Using Lemma 3 . 3  w e  have 
We can solve ( 4 . 2 )  f o r  /Ayplo, i . e . ,  ( 4 . 2 )  i m p l i e s  
where tp is t h e  unique p o s i t i v e  solution of. 
3 3  
Lemmas 4.10 and 4 . 1 1  p r o v i d e  a computable bound f o r  
Iwp(n) I s i n c e  w e  have  a p r e l i m i n a r y  bound on 1 up I . 
1 
We now assume m is even ( l e t  1-1 = m / 2 )  and t h a t  t h e  
boundary c o n d i t i o n s  are o f  Sturm t y p e ,  i . e . ,  are of  t h e  form' 
* 
. ./ 
BPof(b)  + 0 . .  
where 
B i rkhof f  el01 and Tamarkin E293 ob ta ined  a sympto t i c  
formulas fo r  the e i g e n v a l u e s  of a wide class of  d i f f e r e n t i a l  
ope ra to r s  and boundary c o n d i t i o n s .  Under t h e  assumption 
t h a t  t h e  boundary c o n d i t i o n s  are of  Sturm type ,  t h e y  imply 
t h a t  the e i g e n v a l u e s  of 
Ukf = 0,  k = 1,=*- ,m  
34 
are bounded below. This  imp l i e s  t h a t  c can be chosen such 
t h a t  L is  p o s i t i v e  d e f i n i t e ;  w e  assume for the  r e s t  of  t h i s  
s e c t i o n  t h a t  c fs so chosen. There i s  f u r t h e r  e x p l a n a t i o n  
and additioslal  a p p l i c a t i o n s  of these asymptot ic  formulas  i n  
Sec t ion  6. For a complete d i s c u s s i o n  of  these formulas  see 
Naimark [ 2 2 3 .  
A proof of the  fo l lowing  lemma can be found i n  Chapter  
X I X  of Dunford and Schwartz 1131. 
k/m Lemma Q-12. If k = 1, , m - l ,  t h e n  t h e  domain of L 
is c o n t a i n e d  in Hk where LkIm denotes  t h e  k/m power of 
L. 
Lemma 4-13. There is. a c o n s t a n t  K which i s  independent  
of n such t h a t  
35 
and 
and hence 
, 
AyP 
Under -&he assumption t h a t  j p w e  
a d d i t i o n a l  es t imate  f o r  IAwp(nIl, which 
p r e s e n t  an 
is i n  some cases 
more r e a d i l y  computed than  the  bound g iven  i n  Lemma 4 . 1 3 .  
Lemma Q-14. There are c o n s t a n t s  c p  > 0 ,  c2 - > 0 which 
depend on a ,  b, m, L ,  and t h e  boundary conditions such t h a t  
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I n e q u a l i t y  (4.4) f o r  f u n c t i o n s  which van i sh  near  a and 
b i s  Gzirding's i n e q u a l i t y .  Our concern h e r e  is t o  prove it 
f o r  func t ions  i n  Vm 
c a l c u l a t e d .  Th i s  is done i n  Sec t ion  5 .  
and t o  show how t h e  c o n s t a n t s  can be 
I 
( 4 . 5 )  
Proof. Using Lemma 4 . 1 4  w e  have -- 
[ A f l i  5 i 3 2 C c 1 ( L f , f ) o  + c 2 [ f l ; l  
f o r  any f E V . If w e  now estimate lAwp(n) lo ,  u s i n g  ( 4 . 5 )  . m  
i n s t ead  of ( 4 . 3 )  w e  o b t a i n  
Theorem 4 . 4  and Lemmas 4 . 1 0 ,  4 . 1 1 ,  4 . 1 3  and 4 . 1 5  g i v e  an 
e x p l i c i t  estimate f o r  ] y p - q e  (1111 s i n c e  M,/m, can be 
c a l c u l a t e d .  I n  many cases w e  can conclude t h a t  eo = p and 
hence w e  have an estimate f o r  1pP-rlp(n)] f o r  any n - > p .  
See Sec t ion  7 f o r  an explanaTion of  t h e  use  of t h e s e  
i n e q u a l i t i e s  i n  numerical  computation. 
0 
3 7  
5 5 .  Proof  of Lemma 4 . 1 4 .  
1 In this s e c t i o n  w e  a m e  t h a t  rn is e 
c o n d i r i o n s  are of Sturm t y p e ,  and j - c m/2. 
that c is chosen such t h a t  L i s  p o s i t i v e  
I 
?en ,  t h e  boundary 
We do n o t  assume 
d e f i n i t e .  
Lemma 5.1. Suppose 1-1 - < i - < 21-1-1, 0 - < k - p-1  and 
n e i t h e r  2 nor k i s  e q u a l  t o  K~ f o r  any e. L e t  D be 
m y  c a n s t a n t .  Then t h e r e  e x i s t s  a fami ly  of f u n c t i o n s  
f E ( x 1 9  0 < E: < 1, .such t h a t  
P Proof. Fop. 0 - c p - c 2p-P d e f i n e  f p ( x )  = (x-a> /PI. 
L e t  YCx) be an  i n f i n i r e l y  d i f f e r e n t i a b l e  f u n c r i o n  
Then 
and 
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/ 
P = 9, 
, 
Also 
( K J  
The boundary c o n d i t i o n s  a t  a can be so lved  for f t a l  
(a>  i n  t e r m s  of f (P ) t a>  p + K 1 ,  ... 7 K F i  : W p I  Y f  ... 
PfKy , 9 “1+1 
where the c o e f f i c i e n t s  depend only on t h e  boundary 
condi r lons .  If k < i d e f i n e  
h ( X I  = ctkfKt(xI; 
Kt 
.if i IC& d e f i n e  
N o w  l e t  
fk clearly satisfies cond i t ions  1-4. 
The fo l lowing  two P e n m a s  are proved in Agmon c 2 1 .  Lemma 
5 . 3  i s  closely r e l a t e d  t o  Lemma 3 . 3 .  
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Lemma 5 . 2 .  (Scbolev)  Thepe i s  a c o n s t a n t  y depending 
on ly  on a ,  b y  and such tha t  
1 (Le- F -  k )  - L  ff(k)(~91 yr ( l f l e  + I f l o )  
a 
Lemma 5 . 3 .  There is a c o n s t a n t  y depending o n l y  on 
a, b ,  ' a n d  1 such  t h a t  
z 
If f E vm, t hen  r e p e a t e d  i n t e g r a t i o n  by p a r t s  g i v e s  
Since the e igenva lues  cf L are bounded below w e  have 
f o r  a l l  f EVm where X is t h e  l ea s t  e igenva lue  of  L.  
Using t h i s  and (5.1) w e  o b t a i n  
fo r  f E V . A s  i n d i c a t e d  i n  t he  ppoof o f  Lemma 5 . 1  t h e  
boundary c o n d i t i o n s  a t  a can be  so lved  f o r  f ( K e ) ( a ) :  
m 
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Simi la r ly  the boundary c o n d i t i o n s  a t  b can be so lved  f o r  
S i n e q u a l i t y  ( 5 . 2 )  is  
If i n  S ( a )  w e  s u b s t i t u t e ' t h e  above expres s ion  f o r  
f (a), 4 = l,.. ,u-1,  w e  w i l l  g e t  terms of t h e  form 
( Ke) 
where ' 0  - < i - 21-1-1, 8 < k - < p-1, i + k  - < 2 ~ - 1 ,  and n e i t h e r  
i nor k 2s e q u a l  t o  for any L .  Likewise for S ( b )  
we g e t  t e r m s  of t h e  form 
where 0 - < i - < 211-1, 0 - < k - < p - 1 ,  i + k  - 21.1-1, and n e i t h e r  
i nor k i s  e q u a l  t o  K; for any L .  L e t  i, k be fixed 
with  i - > p. Now l e t  f E  be t h e  fami ly  of  f u n c t i o n s  shown 
to  e x i s t  in Lemma 5 . 1  where 
( 5 . 3 )  reduces  t o  
D = dik. For t h e s e  f u n c t i o n s  
Since If,f, and ]fElo are bounded i n  E w e  s e e  t h a t  
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dik = 0. S i ~ l a r l y  d i k  = 0 if i - > p. Hence (5.1) 
becomes 
and thus 
Using L e m a  5.2 w i t h  c = 1-1 we have 
1 
1 
Using this and a similar estimate for If(i)(b)l we obtain 
1 
1 
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for r chosen a p p r o p r i a t e l y .  F i n a l l y ,  u s ing  Lemma 5 . 3  w e  have 
Now by choosing r a p p r o p r i a t e l y  w e  a r r i v e  a t  Lemma 4 . 1 4 .  
Remarks. 1. The c o n s t a n t s  c p  and c 2  i n  Lemma 4 . 1 4  
are computable assuming The c o n s t a n t s  i n  Lemmas 5 . 2  and 5 . 3  
a r e  ccmputable. See S e c t i o n  7 ,  e s p e c i a l l y  Example 7 . 4 ,  f o r  
f u r t h e r  comments on f i n d i n g  e x p l i c i t  va lues  f o r  t h e s e  
cons tan ts .  
2 .  L e t  m = 2 and w r i t e  t h e  boundary c o n d i t i o n s  as 
a o f ( a >  + a p f ‘ ” ( a )  = 0 ,  
B o f ( b )  + B , f ( ” ( b )  = 0 .  
Then, i f  a O a p  - < 0 and B O B ,  0 ,  ( 5 . 4 )  i m p l i e s  
( L f , f I o  - > I f ] ;  + clfl;. 
Hence i n  t h i s  case w e  o b t a i n  ( 4 , 4 )  w i t h  c p  = 1 and 
= max(0 ,l-c). 
c2 
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3 6 .  Proof t h a t  M / m  i s  bounded. n ---n 
We r e t u r n  h e r e  t o  t h e  problem mentioned i n  S e c t i o n  4 
of showing t h a t  
1 
M ( z ~ ~ n ) , ~ ~ * , z ~ ~ n ~ ~ / m ~ z ~ ( n ) , . . . , z n ~ n ~ )  
i s  bounded i n  n .  For  t h e  remainder of t h i s  s e c t i o n  assume 
t h a t  m = 21.1 i s  even,  t h e  boundary c o n d i t i o n s  are of Sturm 
t y p e ,  L i s  p o s i t i v e  d e f i n i t e ,  and t h e  c i rc les  
are mutua l ly  d i s j o i n t .  We also assume t h a t  j, t h e  o r d e r  of  
A ,  is less  than  o r  equa l  t o  m-2. L e t  dL = min Ihk-Al[. 
kSL 
Proof .  Under t h e  assumptions of t h i s  s e c t i o n  t h e  
asymptot ic  formula for t h e  e igenva lues  o f  L which w a s  
mentioned i n  Sec t ion  4 i s  as fo l lows .  There is an i n t e g e r  
p and a c o n s t a n t  a such t h a t  
(6.1) 
for a l l  k .  An immediate consequence o f  t h i s  is an 
asymptot ic  formula for dk: 
( 6 . 2 )  
Hence 
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O(1) 2 ( l + m V - m )  
2 m ( V - 1 )  
X:v/dt = (A) (k-p) 
and t h e  r e s u l t  fo l lows .  
Lemma'6.2.  For s u f f i c i e n t l y  l a r g e  1, say 1 - > R 1 ,  
Proof. It fo l lows  from (3.61, (3.81, (3.9) and (6.1) 
t h a t  
and from ( 6 . 2 )  t h a t  
d1 /3  - > ;le"-l, 2 > 0 .  
/ 
The r e s u l t  now f o l l c w s  f r o m  the  fact t h a t  j < m-1. 
Lemma 6 . 3 .  L e t  * * * Y $ n  be any or thonormal  basis 
f o r  Sn = s p a n ( x p , * * * , x n )  and l e t  T :  S -S be the  
l i n e a r  o p e r a t o r  d e f i n e d  by 
n n 
Then 
where 1 1  11 deno tes  t h e  o p e r a t o r  norm which is a s s o c i a t e d  
with t h e  i n n e r  product  on Sn which 2 s  induced by t h e  L2 
i nne r  product .  
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Proof .  IIT1I2 i s  equa l  t o  t h e  l a r g e s t  e igenva lue  of  
T*T and t h e  mat r ix  of T"T w i t h  r e s p e c t  t o  y$n  is 
t h e  t r a n s p o s e  of t h e  G r a m  matrix ( ( zk (n ) , zLCn) )  1. Hence 
IIT11* = Mn. '  S i m i l a r  r ea son ing  shows t h a t  / I T  11 - mn. 
0 
- 2 . 2  - 
-, 
Ln is a d i a g o n a l i z a b l e  o p e r a t o r  on Sn. L e t  
QY,.**,Q: be t h e  p r o j e c t i o n s  a s s o c i a t e d  wi th  En and l e t  
In = { 1 , 2 , * * * , n } .  The fo l lowing  lemma i s  due t o  Lorch E211. 
Combining Lemmas 6 . 3  and 6 . 4  w e  see t h a t  
n L e t  P:,.**,Pn be t h e  p r o j e c t i o n s  a s s o c i a t e d  wi th  Ln .  
Then 
( 6 . 4 )  
s ince  t h e  P; are or thogonal .  L e t  re = { A  I 1 X-he] - < dL/3}. 
Using Lemma 6 . 2  and formula ( c )  of L e m m a  3 . 7  . w e  have - 
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if k > 1,. 
s i d e  of (6.5). 
We now estimate t h e  second t e r m  i n  t h e  r i g h t  
Lemma 6 . 5 .  If X E p ( L , ) )  t h e n  
4 
Proof. From Lemma 4 . 1 2  w e  see t h a t  t h e  range  of 
L(2-m)’m is c o n t a i n e d  i n  Hm-2 
L e m m a  3 . 8  t ha t  AL (2-m’/m i s  bounded. I t  follows d i r e c t l y  
and hence it f o l l o w s  from 
from the  d e f i n i t i o n  of a p o w e r  of an o p e r a t o r  t h a t  
L ( 2 - m )  I m  = C L ( 2 - d  /m) . 
n n Using t h i s  w e  f i n d  t h a t  
for all f E Sn and hence that 
. 
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Combining these estimates we have 
, 
Lemma 6.6. If 0 < v < 1 and X E ar4 then 
Proof.  If k f 4 ,  then 
Since Xk 2 dk fop k > 2 we have - 
Hence 
i f  k f 4 .  In the case k = d we have 
. 
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These t w o  estimates g ive  t h e  r e s u l t .  
Lema.6.7. There i s  an i n t e g e r  nI such t h a t  
for - > n,. 
Proof .  L e t  
Suppose h E 
‘e 
if & > a , . .  Let n,  be an  i n t e g e r  such t h a t  n, > R1 and 
j ~ ~ ~ ( 2 - m )  /  13 ( m - 2 )  / m  / d t  < 1 / 2  
i f  - no. Then i f  L - > n , ,  I - AnRX(L is i n v e r t i b l e  
and 
Now,  u s i n g  ( 6 . 6 1 ,  ( 6 . 7 )  and t h e  f a c t  t h a t  
w e  f ind 
l \ R A ( L n ) ) I  = 3/dL, 
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i f - -  n - > n, .  
Next w e  c o n s i d e r  t h e  problem of e s t i m a t i n g  
where I c In. L e t  1 - < k - < n and c o n s i d e r  t h e  Laurent  
expansion of RX(L,) about  Xk: 
i 
where 
'k 
Since Ln is compact Xk is a po le  of R A ( L n ) .  The 
o rde r  of Ak as a po le  of  RA(Ln) is equa l  t o  t h e  
a s c e n t  of Xk - L and s i n c e  A k  has  a l g e b r a i c  n 
m u l t i p l i c i t y  one w e  see t h a t  Xk i s  a s imple po le .  ThGs 
t h e  expans ion  has  t h e  form 
0 3 k  B (A-A, )  e . Now B-, k = P f ,  t h e  . k -  t h  where B ( A )  = 1 
p r o j e c t i o n  a s s o c i a t e d  w i t h  Ln. Also 
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t B ~ A  B(X) + B(XIA~B(A) o n  
for A E rk and hence,  s i n c e  
and 
[ z ? r i F  ~ n n ~ n  o n k  R ( L  9A R ( L  1 dX = BkA Pn + PnA k n Bk 0' 
'k 
Using this formula w e  obtain 
( 6 . 8 )  
Now, s i n c e  
and 
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we get 
For x E Sn we have 
(AXk3Xq)pXq3 
q-1 
and hence 
and thus 
#k . 
5 2  
#k 
Hence 
Sk Sk 
Similarly w e  f i n d  that 
. 
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for x f Sn and thus  
# R  - 
sa. 
Combining (6. BA (6.9) and 6.101 g ives  
Lemma 6 . 8 .  For any n and any I CI,, 
. 
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The method used t o  prove Lemmas 6 . 7  and 6 . 8  is 
an a d a p t a t i o n  of a method used by Kramer r 2 0 1  t o  prove a 
r e s u l t  on p e r t u r b a t i o n  of spec t ra l  o p e r a t o r s .  
I 
Lemma 6 . 9 .  L e t  k be f i x e d .  Then IIQtII i s  bounded 
i n  n for n > k. 
Proof .  Using Lemma 3.5 w e  f i n d ' t h a t  
f o r  f E Sn. L e t  Cc be ob ta ined  from Ck by i n c r e a s i n g  
t h e  Gadius by such a n  amount t h a t  C E  does n o t  i n t e r s e c t  
~ ' C p  1 f k.  If X E act, t h e n  
Thus RA(bn)An cons ide red  as an o p e r a t o r  on Sn w i t h  t h e  
j norm has  norm l e s s  t h a n  one. From t h i s  it fo l lows  t h a t  
I - RA(Ln)A,  is i n v e r t i b l e  and 
Another a p p l i c a t i o n  of Lemma 3 .5  g ives  
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from (6.11) and (6.12) t o g e t h e r  w i t h  formula (b) of  Lemma 
3.7 we obta in  
for € E sn 
which s h a w s  that IlQf:II is bounded in n. 
Now f r o m  (6 .3)  and (6 .4 )  w e  have 
4 
Using (6 .  S ) m d  Lemmas 6 e 7 and 6 . 8  w e  f i n d  
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where n p  is as i n  Lemma 6 .7 .  Th i s  i n e q u a l i t y  t o g e t h e r  
w i t h  Lemmas 6 . 1  and 6 . 9  shows t h a t  M,/m, 
n. This  is summarized i n  
i s  bounded i n  
Theorem 6 . 1 .  Under t h e  assumptions l i s t e d  i n  t h e  
f i rs t  paragraph of t h i s  s e c t i o n  
i s  bounded i n  n. 
5 7  
5 7. A p p l i c a t i o n s .  
Example 7 . 1 .  Consider  t h e  e igenva lue  problem 
This  is a problem of t h e  type  d i s c u s s e d  i n  Sec t ions .2 -6  
where 
and 
( 1  1 A f  = 1 0 ( s i n  r ) f  . 
The p,roblem determined by L and t h e  boundary c o n d i t i o n s  
i s  s e l f - a d j o i n t  and L has e igenva lues  and e igenvec to r s  
4 4  A k  .= IT k , 
For  these boundary c o n d i t i o n s  i n r e g r a t i o n  by p a r t s  
shows t h a t  w e  can t a k e  y = 1 and 6 = 0 i n  Lemma 3 . 3 .  
We ffnd that f3 = 10 s i n  1. Thus from ( 3 . 8 )  w e  have 
where T i s  t h e  unique p o s i t i v e  s o l u t i o n  of P 
. 
5 8  
An elementary calculation shows that 
= € A  I l p 4 r 4  - A \  2 r p I  are mutually The circl is  
disjoint, Thus from Thecrems 3 ' 2  and 3.3 we see that 
the lJ 
cP 
- 
the eigenvalues of L = L + A, satisfy P' 
By Corollary 2 of Theorem 3.3 they are all real. 
Using Lemma 4.11 we have 
is the positive solution of tP where 
Thus 
by Lemma 4.10. Since  
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and 
w e  have 
I Y4 
n+l A 
P < 8t I Ft.p’h,+l I 
This  e s t i m a k e  for IAwp(nIIo i s  e s s e n t i a l l y  t h a t  of 
Lemma’ 4.13. 
Thus for. p f i x e d  and n 2 p t h e r e  i s  by Theorem 
4.4 an lo ,- 1 2 lo 5 n, such t h a t  
We must require that:  ]lip-hntl !‘-ti > 0 f o r  t h i s  r e s u l t  t o  
hold. S i n G l a r  asstimprions must be made r e l a t i v e  TO otlier 
error e s t i m a t e s  i n  t h i s  paragraph;  w e  w i l l  n o t  mention them 
. 
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B ( M  /m ) " A ? t :  
E p ,  
n n  < - 
c(A*-hl-rl)2 - ~ t y Y 2  
4 t = B ( A , + r , + t )  Y4 . 
' v P  
where t: is t h e  p o s i t i v e  s o l u t i o n  0-f 
Now suppose w e  have i n e q u a l i t i e s  of t h e  form 
- qp(n -1 ) ]  < E (n-119 p = 1 9 * * o y n - l .  
P - 
These, t o g e t h e r  w i t h  lvn- A,! I r n ,  y i e l d  
where t" is t h e  p c s i t i v e  s o l u t i o n  of  
P 
The numbers tl, t" etc., can be computed numer ica l ly .  Thus 
w e  have 
P 
f o r  some lo, 1 < R ,  < n.  We can conclude R = p i n  
0 - - 
t h i s  example as fo l lows .  Frcm t h e  computed va lues  of 
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nl(n),*** ( n )  and E: ( n )  it w i l l  be clear t h a t  
lPp-‘lk(n) I > Ep(n) ,  k = l , * * * , p - l , p + l , * * * , n .  Hence the 
only cho ice  f o r  Lo is p .  This  w i l l  also be t r u e  i n  many 
other  cases’ and the i n e q u a l i t i e s  
k # p ,  are s imple  t o  v e r i f y  i f  s p ( n )  i s  s u f f i c i e n t l y  
small  s i n c e  nk (n )  E. Ck, k = 1 , * * a , n .  Proceeding 
, 1 1  P 
Iup-nk(n) 1 > E ( n )  , P 
i n d u c t i v e l y  we d e f i n e  c P ( n ) ,  1 2  p L n ,  n = 1,2,**. and 
e s t a b l i s h  
.I 
We o b t a i n  EPtn> from C ( n )  by u s i n g  t h e  estimate f o r  P 
which we had i n  t h e  (n- l ) s t  s t a g e  of t h e  e s t i m a t i n g  v P  
procedure,  Clearly l i m  Ep(n)  = 0 for p f i x e d ,  Th i s  
disoueeion on t h e  d e f i n i t i o n  of Ep(n) and t h e  proof  t h a t  
n+a 
6 2  
_ - .  
o r i g i n a l l y  w r i t t e n  by P r o f e s s o r  €3-N. P a r l e t t ,  t h e  
e igenvalues  were computed; w e  w i l l .  c a l l  t h e s e -  numbers t h e  
f i rs t  approximations t o  t h e  e igenva lues  of En. Next t h e  
eigenvectors were computed. Then a m a t r i x  P w a s  formed 
with t h e s e  approximate e i g e n v e c t o r s  as columns. Now 
Y 
P-’cnP has  t h e  same e igenva lues  as Ln and, assuming 
t h a t  t h e  column v e c t o r s  of P are c l o s e  t o  t he  e i g e n v e c t o r s  
-, 
- o f  Ln, P-’LnP should be approximately d i agona l  and hence 
- 1 -  t h e  diagGnal e lements  of P LnP should be approximately 
equal  t o  . t h e  e igenva lues  of 
elements of  Pd1Z P t h e  apprcximations t o  t h e  
- 
Ln. We w i l l  c a l l  t h e  d i agonc l  
n - 
eigenvalues  of  Ln. The d i f f e z e n c e  between. t h e  e igenva lues  
of L, and t h e i r  2- nd approximations can be e s t i m a t e d  w i t h  
Gershgorin’s theorem. We use t h e s e  computed d i agona l  
- 
/ 
elements o f  p-’Enp f o r  n 1 ( n 9 , * * * , n n ( n ) .  
I n  g e n e r a l  the off d i a g o n a l  e lements  of P-’LnP were 
small,. Consider for example n = 4 .  The QR methcd 
produces 
9 3 . 2 0 7 6 3 4 9 ,  
1 ,554 .28815 ,  
7 ,885 .89093  
and 
24 ,932 .4448 .  
-1- The d iagona l  e lements  of P LnP are 
6 3  
9 3 . 2 0 7 6 4 9 5  
1 ,544 .28838 ,  
7 ,885.89194,  
and 
24 ,932 .4458  
.. 
) = P - ~ Z  P . are (,akb n and t h e  row sums 1 ] akC 1 where L f - k  
- 2 7 4  x 10 - 9 ,  
,411 x 10 - 3 ,  
- 7 3 6  x 1 0  -I, 
and 
Thus, for i n s t a n c e ,  
] q , ( 4 )  - 9 3 . 2 0 7 6 4 9 5 1  - < . 2 7 4  x 
These estimates can be r e f i n e d  by s c a l i n g  i n  t h e  
fol lowing way. Suppose w e  want a b e t t e r  es t imate  for 
n3<4). 
eigenvalues  of t h e  m a ' t r i x  'bkb) wKch w e  obtain from (%J by 
The e i g e n v a l u e s  w e  are seek ing  are also t h e  
column by rd mult ip ly ing  t h e  3d r o w  by T and t h e  3- 
T -1 . The d i a g o n a l  e lements  of (bkb) and (akb) are 
t h e  same b u t  t h e  r c w  sums for (bkb)  depend on T. Now 
r d  chuose T as s m a l l  as p o s s i b l e  wh i l e  keeping t h e  3- 
Gershgorin d i s k  s e p a r a t e  from t h e  o t h e r - d i s k s .  Here w e  
can choose T = lo-"; w i t h  t h i s  cho ice  for. T t h e  
3- rd row sum for (bkL) is . 7 3 6  x 1 0 - " .  We can perform 
6 4  
such s c a l i n g  for each e igenva lue .  For n = 101 t h e  r a d i i  of 
the Gershgorin d i s k s  b e f o r e :  s c a l i n g  were 
-197 x l o - ,  
-881 x 
-124 x 
,723  x 1 0 - 2 ,  
,253  x 1 0 + ,  
.279, 
,209 x 1 0 2 ,  
-784 x l o 2 ,  
,789 x l o 1 ,  
-451 x 10 -'. 
The o r d e r i n g  h e r e  is such t h a t  t h e  
e s t ima te  for r1,(10) for example.  A f t e r  s c a l i n g  t h e  
3- rd r a d i i  g ives  an 
. corresponding r a d i i  are 
. 
6 5  
These c a l c u l a t i o n s  are a f f e c t e d  by the round o f f  e r r o r  
which occurs i n  t h e  inb7ersion of P and in t h e  c a l c u l a t i o n  of 
P-’i*P. P--I w a s  computed i n  s i n g l e  p r e c i s i o n ;  for n = 4 
no element  of P-’P - I exceeds i n  a b s o l u t e  va lue  .3 x lo-’. I - 
Double p r e c i s i o n - w a s  used t o  m u l t i p l y  P-’ , Ln, and P. 
In  a d d i t i o n  t h e r e  i s  t h e  e r ror  which arises when the  m a t r i x  - 
Ln 
in Ln w e r e  computed in double p r e c i s i o n  and then  t r u n c a t e d  
i s  e n t e r e d  i n  t h e  computer. To reduce t h i s  t h e  e n t r i e s  - 
t o  s i n g l e  p r e c i s i o n .  The remaining c a l c u l a t i o n s  were a l l  
done i n  s ing le  p r e c i s i o n .  
For a complete d i s c u s s i o n  of t h i s  method.of computing 
set of approximations for t h e  e igenva lues  o f  a a 2- nd 
matrix from an i n i t i a l  se t  of approximations- f o r  t he  
e igenva lues  and e igenvec to r s  and e s t i m a t i o n  of the  r e s u l t i n g  
accupacy u s i n g  Gershgor in’s  theorem t o g e t h e r  w i t h  scaling see 
i lkenson  E 4 2 f .  
In t h e  tables of t h i s  s e c t i o n  ~ l l  f i g u r e s  are rounded 
t o  the number of d i g i t s  presented .  
means .48% x lo2. A dash i n  the table  i n d i c a t e s  t h e  
cor responding  number is t h e  same as t h e  number d i r e c t l y ’  
The n o t a t i o n  . 4 8 7  1 2  
above it. A l l  of the computations were performed on t h e  
IVAC 1108 Computer of t he  Computer Science Center  of t h e  
U n i v e r s i t y  of Maryland. 
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Table 2 
"\P 
. 1  
2 
3 
4 
5 
6 
7 
8 
9 
10 
I1 
1 2  
1 3  
14 
15 
1 6  
17 
18 
19 
2 0  
,109510 
- 2 8 9 5 5  
.12113, 
, 6187 
. 3 5 7 7  
,2252 
.1508 
-10 59 
772 
.580 
.447 
* 351 
.281 
.229 
-188 
.157 
.132 
.113 
.97 
. 8 3  
1 
0 
0 
-1 
-1 
-1 
-1 
-1. 
-2  
-2  
-2 
-2 
-2  
-2  
-2  
-2 
-2 
- 3  
-3  
2 
.69PO 
. 2 4 5 5  
.i210 
.691 
4 3 2  
.2  89 
,203  
.148 
D 111 
.85 
- 6 7  
.54 
. 4 4  
.36 
.30 
. 2 5  
2 1  
. 1 8  
.16 
0 
0 
0 
-1 
-1 
-1 
-1 
-1 
-1 
-2 
-2  
-2 
-2  
- 2  
- 2  
-2 
-2 
- 2  
-2  
5 
.3279 
. 1442  
. 8 4 3  
. 5 5 5  
,390 
. 2 8 7  
.218 
. 1 7 0  
, 1 3 5  
,110 
. 9 0  
.75 
.63 
.54 
.46 
.40 
0 
0 
-1 
-1 
-1 
-1 
-1 
-E 
-1 
-1 
-2  
-2  
-2  
- 2  
-2 
-2  
I 
1 5  
6 8  
Table 3 
- 
P 
41 
2 
3 
4 
5 
6 
7 
8 
9 
1 0  
11 
12 
1 3  
1 4  
1 5  
1 6  
1 7  
1 8  
1 9  
20 
- 
T I  ( 2 0 )  
P 
.9 3 2 0 7 9 7 2 7  
. 1 5 5 4 2 9 0 0 5  
. 7 8 8 5 8 9 a 6 8  
. 2 4 9 3 2 5 0 0 0  
. 6 0 8 7 6 4 6 0 6  
. 1 2 6 2 3 7 9 6 4  
. 2 3 3 8 7 5 0 1 1  
. 3 9 8 9 8 3 4 2 3  
. 6 3 9 0 9 6 8 2 9  
. 9 7 4 0 8 6 6 8 9  
. 1 4 2 6 1 6 2 2 8  
.201.987069 
. 2 7 8 2 0 9 6 8 2  
. 3 7 4 2 0 6 3 4 2  
. 4 9 3 1 3 3 1 0 0  
. 6 3 8 3 7 9 7 9 1  
. 8 1 3 5 3 0 0 3 8  
. l o 2 2 5 6 1 2 5  
. 1 2 6 9 4 4 4 5 9  
. 1 5 5 8 5 4 5 0 2  
- 
2 
4 
4 
5 
5 
6 
6 
6 
6 
6 
7 
7 
7 
7 
7 
7 
7 
8 
8 
8 - 
EP(2O) 
. 8 3 4  
. 1 5 9  
, 2 3 7  
,317 
. 3 9 6  
, 4 7 7  
, 5 6 0  
6 4 5  
. 7 3 5  
. 8 3 2  
' 9 39 
, 1 0 6  
. 1 2 0  
. 1 3 8  
' 1 6 0  
. 1 9 1  
, 2 3 5  
0 309 
. 4 5 5  
. 8 9 1  
- 
-3  
-2 
-2 
-2 
-2 
-2 
-2 . 
-2 
-2 
-2  
-2 
-9 
-1 
-1 
-1 
-1 
-1 
-1 
-1 
-1 
 
. 
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Example 7 . 2 .  Consider t h e  e igenvalue  problem for t h e  
Mathieu e q u a t i o n  
where q -  2s a complex c o n s t a n t .  The e igenva lues  of t h i s  
problem will be t h e  c h a r a c t e r i s t i c  va lues  of t h e  Mathieu 
equation a s s o c i a t e d  wi th  odd p e r i o d i c  s o l u t i o n s .  Here w e  
let L f  = -f ( 2 '  and Af = 2q(cos 2 s ) f .  The e igenva lues  
and e i g e n v e c t o r s  of L are 
Ak = k 2 ,  
K- 
I , - - - .  
w i l l  be non s e l f - a d j o i n t  u n l e s s  q is real .  
For this example w e  e a s i l y  f i n d  t h a t  
If e 314 t h e s e  c i rc les  w i l l  be mutual ly  d i s j o i n t  and 
t h e r e  w i l l  be one e igenvalue  of in each 
cP 
Using Theorem 4 , Y  and Lemma 4 . 1 0  w e  f i n d  t h a t  f o r  p 
f i x e d  and  n p t h e r e  is an t o ,  l - < lo - < n ,  such t h a t  
As i n  Example 7.1 w e  can d e f i n e  e r r o r  estimates E: ( n ) ,  
using a t  the n th s t a g e  t h e  e s t i m a t e s  fo r  
P 
from t h e  
I-lP 
. 
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(n-lIst s t a g e  i n  o r d e r  t o  estimate fvp-An+l / .  We can show 
t h a t  C, = p as i n  Example 7 . 1 .  
The computations were c a r r i e d  o u t  f o r .  q = - lti 
2 J T -  
w i t h  n 
going frofn 1 t o  20.  .. The l, k element .  of t h e  m a t r i x  of 
is YXn w i t h  r e s p e c t  t o  xl,*** n 
6kkk2 * 9 cos 2.r s i n  kT s i n  1.r d-r. 
Tr 1: 
The va lues  f o r  n , ( n ) , * * * , n , ( n I  were computed u s i n g  t h e  
power method as developed by E .E .  Osborne-[251; t h e  computer 
program was w r i t t e n  by E h r l i c h  t141. These va lues  were n o t  
r e f i n e d  as i n  Example 7 . 1 .  Table  4 g ives  t h e  r ea l  and 
imaginary p a r t s  of nP(n>  
E ( n >  f o r  p = 1, 2,  and 1 0 .  Table  6 con ta ins  t h e  va lues  
of np(209 and E ( 2 0 1  €or p = 1,***,20. The 
c h a r a c t e r i s t i c  va lues  fc r  t h e  Mathieu equa t ion  f o r  complex 
and Table  5 g ives  t h e  va lues  of 
P 
P 
values  of q have r e c e n t l y  been t a b u l a t e d  by Blanch and 
Clem L111. 
. ., 
3- 
h 
A I .a c 
i3 
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0 
0 
0 z I  I I  
P c c 
1 1 1  
3 Q 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
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Table .  5 
ep ( n >  
" . .  
1 
s57735 
.129 55 
7132 
. 446 6 
3106 
.2269 
173 3 
41366 
, 110 5 
912 
4 747 
,636 
,548 
, 4 3 7  
8419 
s 3 9 1  
* 931 
1299  
, 2 8 8  
,249 
- 
0 
0 
-1 
-1 
-1 
-1 
-1 
-1 
-1 
-2 
-2 
-2 
-2 
- 2  
= a  
-2 
- a  
='% 
-2 
= a  
II 
2 
.25820 
.9264 
5190 
a3433 
a2439 
1830 
a1426 
a 1144 
,938 
, 3 6 5  
e649 
,557 
,484 
,426 
I 9 3 6  
,335 
e 8 0 0  
6 270 
I 2 4 4  
- 
0 
-1 
-1 
-1 
-1 
-1 
-1 
-1 
-2 
-2 
-2 
-2 
- 2  
-2 
- 2  
- 2  
-2 
-2 
- a  
I 
10 
55495 
.2438 
a1554 
, E115 
, 8 5 7  
a 6 8 8  
a 5 8 8  
8 47 8 
a 4lQ 
s 366 
e 323 
- 
-1 
-1 
-1 
-1 
- 2  
-2 
-2 
-2 
-2 
-2 
-2 
_I_ 
. 
- 
P 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
- 
Table 6 
.64511279 
.39999774 
.go013346 
.16000023 
.24995999 
e 36000000 
.49000001 
.64000000 
.81000000 
.99999999 
c 12100 0 00 
.14400000 
.16900000 
. 1 9 6 0 0 0 0 0  
,22500000 
.25600000 
.28899999 
.32400000 
.36100000 
.40000000 
- 
0 
1 
1 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 - 
~ 
-.38341700 
-.20833277 
.14238454 
.83332760 
.52084830 
.. 3 5 714 2 9 5 
.26041665 
.198it1267 
.15625002 
.12 62 6 2 66 
.lo41666 8 
87412561 
.74404793 
,64102585 
.55803573 
.49019597 
.43402798 
.38699679 
.34722220 
.32894737 
- 
0 
-1 
-1 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-3 
-3 
-3 
-3 
-3 
-3 
-3 
-2 
-2 - 
73 
.24276410 
.24462794 
.24746011 
.25153524 
.25697720 
.26395698 
.27271085 
.28356169 
.25695245 
31349869 
.33407274 
.35994473 
.39302948 
.43634552 
.49493354 
.57787746 
,70335894 
.91383116 
,13368434 
.26733725 
- 
-2 
- 2  
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-2 
-1 
-1  
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Example 7 . 3 .  L e t  L f  = f (4) and A f ( r )  = . c ~ ( ~ ’ ( T >  and 
c o n s i d e r  t h e  problem 
A€ = Xf, 
= f(’)to> = f(l> = f ( ” ( l 9  = 0 .  
The eigenvalues of L are h n = p: where p, , p 2 , * * *  are 
t h e  positive solutions of 1 = c o s h p  c o s p .  The 
unnormalized e i g e n v e c t o r s  of L are 
+ 2(coshpn-  cos pn)sin pncc + 2 ( s i n  pn- s i n h  p,)cos p T. n 
I n  (3.1) we dan let y = 1,6 = 0 and w e  f i n d  that 
* 
Thus t h e  e i g e n v a l u e s  of L occur one each i n  the circles 
c ,  4 3 *.. and they are real .  
By Lemma 4.11 w e  have 
yi where is t h e  p o s i t i v e  s o l u t i o n  of  t = (Ippl+t> , 
i.e., 
Using Lema 4 .10  w e  f i n d  
7 5  
I n t e g r a t i o n  by parts shows that 
and,  proceed ing  as i n  t h e  proof  of Lemna 4.13, we o b t a i n  
Combining t h e s e  r e s u l t s  w i t h  Theorem 4 . 4  shows That 
if n > p for some lo - < n. J u s t  as in Example 7 . 1  w e  
estimate E (n) by ~ ~ ( n ) ,  us ing  a t  the n- th stage t h e  
estimates for 
show t h a t  bo = p .  
I 
P 
ob ta ined  a t  t h e  (n-l>'& s t a g e ,  and 
v P  
The computa t iona l  prccedures used i n  t h i s  example 
are t h e  sane as those used i n  Example 7 . 1 .  Table 7 lists 
t h e  va lues  of A and r for p - < 1 0 ,  Tables 8 and 9 l i s t  
the values of  qp(n> and E ( n >  for n rn < 2 0  and p = 1 P 
and 5 ,  and Table 1 0  lists t h e  va lues  of q p ( 2 0 )  and .  
P P 
E P ( 2 O )  for p - 20.  
7 6  
Table 7 
- 
P 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
..I - x P 
.56136 
.38035 
.I46176 
.399438 
,891354 
.1738813 
.3082084 
e 5084815 
.7934031 
.11840136 
- 
3 
4 
5 
5 
5 
6 
6 
6 
6 
7 
r P 
.229 
.622 
.1214 
. 2 0 0 4  
2991 
.4175 
. 5 5 5 7  
7136 
.8912 
,10886 
- 
2 
2 
3 
3 
3 
3 
3 
3 
3 
4 - 
7 7  
+ n\P 
1 
2 
3. 
4 
5 
6 
7 
8 
9 
10 
If 
1 2  
1 3  
1 4  
1 5  
1 6  
1 7  
1 8  
1 9  
20  
1 
. 4 9 5 0 0 0 3  
.49 49 835 
4 9 4 9 8 5 7  
- 4 9 4 9 8 6 3  
, 4 9 4 9 8 6 8  
. 4 9 4 9 8 7 0  
- 4 9 4 9 8 7 2  
, 4 9 4 9 8 7 2  
- 4 9 4 9 8 7 3  
4 9 4 9 8 7 3  
. 4 9 4 9 8 7 4  
- 
- 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 - 
5 
8 9 0 0 7 2 5 2  
. 8 9 0 0 7 0 8 0  
8 9 0 0 7 0 7 7  
. 8 9 0 0 7 0 7 4  
. 8 9 0 0 7 0 7 3  
. 8 9 0 0 7 0 7 3  
. 8 9 0 0 7 0 7 4  
7 
- 
- 
- 
I_ 
- 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 - 
. 
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* .\P 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
1 7  
18 
1 9  
20 
Table  9 
E (n) P 
1 
, 4397  
.I963 
,1162 
, 7 7 3  
B 552  
, rr14 
-322 
-258 
, 211 
- 1 7 6  
,149 
.L28 
,111 
* 9 7  
m 85 
, 76 
-68 
- 61 
(I 5 5  
- 5 0  
0 
0 
0 
-1 
-1 
-1 
-1 
-1 
-i 
-1 
-I 
-1 
-1 
-2 
-2 
-2 
- 2  
-2 
-2 
-2  
5 
- ~~ 
.1491 
.763 
.512 
.381 
. 2 9 9  
. 2 4 3  
* 2 0 3  
,172 
148 
. 1 2 9  
.114 
.lo1 
. g o  
.81 
. 7 3  
. 6 6  
- 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
-1 
-1 
-1 
-1 
i 
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Table 10 
- 
P 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
1 3  
14 
15 
16 
17 
18 
19 
20 
- 
I 
np(20) 
.494987465 
.378185872 
.145702886 
.398608925 
.890070740 
.173697687 
.307959661. 
.508157720 
.792994409 
.118351009 
.17030 829 6 
.237742900 
.323460204 
.430499370 
.562133345 
.721868858 
.913446414 
.114084031 
.140825862 
.172014325 
- 
3 
li. 
5 
5 
5 
6 
6 
6 
6 
7 
7 
7 
7 
7 
7 
7 
7 
8 
8 
8 - 
EP(2O1 
.5027 
.1370 
.2680 
.4431 
.6631 
.9297 
.1246 
,1615 
.2047 
.2550 
.314 
.385 
.4?1 
,578 
.718 
.go9 
* 119 
e 165 
.256 
.529 
- 
-2 
-1 
-1 
-1 
-1 
-1 
0 
0 
0 
0 
0 
0 
0 
0 
0 .  
0 
1 
1 
1 
1 
7 
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I f  w e  l e t  Lf = -f t h e n  L has one nega t ive  e igenva lue .  
If L i s  r e d e f i n e d  by L f  = -f ( 2 )  * 5 f  t h e n  L i s  p c s i t i v e  
d e f i n i t e .  This w i l l  enab le  us t o  apply  Lemma 4 . 1 5 .  Hence 
we cmsidez-  the  e igenva lue  equa t ion  - f ( 2 )  + af")  + 5 f  = X f .  
The eigenvalues of t h e  o r i g i n a l  problem are found by 
s u b t r a c t i n g  5 f r o m  t h e  e igenvalues  of. t h i s  problem. F o r  
t h i s  example w e  show how e x p l i c i t  va lues  f o r  t h e  c o n s t a n t s  
i n  i n e q u a l i t i e s  (3.1) and ( 4 . 4 )  can be ob ta ined .  
RedhefBer C 2 6 1  proved a v e r s i o n  of t h e  i n e q u a l i t y  i n  
Lemma 5 . 3  when X = 2 i n  which t h e  c o n s t a n t s  a re ,  i n  a 
certain sense, b e s t  p o s s i b l e .  H e  showed t h a t  
for sill f E H, and r > 0 .  If I f l ,  - l f l o  w e  can l ' e t  
r = 2  i n  i s  i n e q u a l i t y  t o  o b t a i n  
81 
Thus i n  inequal i ty(3.1)  w e  can l e t  y = &- and 6 = m. 
Now w e  cons ide r -  i n e q u a l i t y  (4.4). Proceeding as i n  
Sect ion 5 w e  have 
I 
‘2) + 5 f ) i  d-c 
1 
0 
(Lf , f l0  = I (-f  
1 
2 (1 ) -  = I f l :  * 5 I f 4  - f f l , ,  
and us ing  t h e  boundary c o n d i t i o n s ,  
Foilowing the  proof of Lemma 5 . 2  in c 2 1  w e  f i n d  
for f E H ,  and 0 < h - 112. Using t h i s  t o  bound l f ( 0 ) I 2  
and )f(1>12 w e  f i n d  
2 4 2 
( E f , f ) o  2 (1-2h)Jfl, + ( 5 - 7 i ) l f 1 0  
Le t t i ng  . -h  = 1 / 4  w e  o b t a i n  
for a l l  f E H, which satisfy t h e  boundary c o n d i t i o n s .  Thus 
i n  ( 4 . 4 )  w e  can l e t  c 1  = 2 and c2 = 2 3 .  These va lues  can 
then be used i n  Lemma 4 . 1 5 .  
. 
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Example 7 . 5 .  The e igenva lue  problem 
f(0) = f ( l )  = 0 ,  
can be treated by i n t r o d u c i n g  a new independent v a r i a b l e :  
This t r a n s f o r m s  t h e  above problem i n t o  
Hence w e  can c o n s i d e r  the problem as a ze ro  o r d e r  p e r t u r b a t i o n  
of a '2- nd order problem razher than  as a la o r d e r  
p e r t u r b a t i o n .  T h i s  t r a n s f o r m a t i o n ,  a p p l i e d  t o  Example 7 . 4  , 
would produce non s e l f - a d j o i n t  boundary cond i t ions  u n l e s s  
a(O> and a ( l )  are rea l .  
. 
8 3  
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